Outer fitting pairs  by Pense, Joachim
JOURNAL OF ALGEBRA 119, 34-50 (1988) 
Outer Fitting Pairs 
JOACHIM PENSE* 
Fachbereich Mathematik, Universitirt Maim, 
Postfach 3980, 6500 Maim, West Germany 
Communicated by Gemot Stroth 
Received February 11, 1987 
A generalized notion of Fitting pairs is introduced and made concrete by giving a 
construction scheme for Fitting classes that leads to some well-known Fitting class 
constructions as easy special cases. Moreover, some previously unknown Fitting 
classes arising from this scheme are presented. 8 1988 Academic Press, Inc. 
1. INTRODUCTION 
An F-Fitting pair (d, A) is a natural transformation d from a Fitting 
class 9 (with the subnormal embeddings taken as arrows) into the con- 
stant diagram of an Abelian group A. If U is a subgroup of A, there is a 
corresponding proper Fitting subclass d-‘U of 9. Regarding the simplicity 
of this way to construct new Fitting classes from given ones, it could be 
useful to dispose of the condition that A be Abelian. 
By introducing what we call outer Fitting pairs this can be done; the 
basic idea is to consider group homomorphisms only “modulo inner 
automorphisms,” in other words by working in an appropriate quotient 
category of the category of groups. (Actually, we will not use this language 
in the main part of this article.) 
If now (d, A) is an outer Fitting pair with non-Abelian A, the obvious 
analogue to the subgroup U mentioned above would be a normal sub- 
group of A, but one gains much more by using a Fitting set of A instead. 
(This idea is due to T. 0. Hawkes, who used Fitting sets in a somewhat 
related situation in an unpublished investigation [9].) 
At present, all known outer Fitting pairs are variations of one construc- 
tion which is a natural extension of the best known ordinary Fitting pairs, 
namely the determinant product pairs of Blessenohl and Gaschiitz: For any 
group G, consider the action of G on the direct product of its chief factors 
of a given type (in a fixed chief series); embed this direct product into an 
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infinite direct product D of simple groups, and extend the action of G 
trivially onto this product. This defines a homomorphism from G to the 
automorphism group A of the direct product. This rather clearly defines an 
outer Fitting pair. (Of course all the maps defined thus are only unique up 
to inner automorphisms of A, but that is just as much as we need.) 
Given these Fitting pairs (that differ by the exact definition of the “type” 
of a chief factor), we construct Fitting sets in A to get Fitting classes. 
Surprisingly, already the trivial Fitting sets defined by Fitting classes or 
normal subgroups of A produce some Fitting classes well known from the 
literature, which simplifies the proofs that they actually are Fitting classes. 
This applies to the “ordentliche” Fitting classes of Blessenohl and Laue 
[4], and also to locally defined Fitting formations, showing a natural 
relation between these and the determinant product Fitting classes. 
There are also non-trivial Fitting sets in A, leading to new Fitting 
classes. The first type of these occurs when the chief factors in question are 
non-Abelian; they all lie in the group of automorphisms of D that act 
diagonally on the direct product D, which is itself a direct product of 
copies of the automorphism group A of the relevant simple group. By 
controlling the way by which subdirect products may be formed, we derive 
different Fitting sets of A from any given Fitting set of A. 
The Fitting sets of the second type contain non-diagonally operating 
groups. They are generated by the automorphism group of the finite sub- 
group of D that consists of the first n simple components. The Fitting 
classes arising from these Fitting sets are some kind of realization of the 
idea of defining a Fitting class by prescribing chief factor degrees. We call 
these Fitting classes the Fitting classes of full operation. 
2. PREPARATIONS 
If we denote a group by a letter like G, H, we implicitly assume that this 
group is finite. Arbitrary groups are written G, H, etc. For a (finite) group 
G, o(G) is the set of the prime divisors of its order. “G = N, ‘7 NT means 
that G is generated by the two normal subgroups N, and N,. We call G a 
normal product of Ni and N,. 
We will have to deal with single-headed groups; those are finite groups G 
with a unique maximal normal subgroup M. The quotient group G/M is 
called the head of G. 
LEMMA 2.1 (cf. [8]). Let G be a finite group with a maximal normal 
subgroup M. If S is a subnormal supplement to M in G, then S is a minimal 
subnormal supplement if and only if S is single-headed. In this case, the head 
of S is isomorphic to GfM. 
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THEOREM 2.2 [17]. Let S be a perfect, single-headed subnormal sub- 
group of the finite group G = (S, , S, >, S, and S, subnormal subgroups of G. 
Then S<SI or S<S,. 
If H/K is a chief-factor of a group G, then every simple direct component 
of HjK is a so-called elementary component of G. 
If Y is an X-group, for any two X-composition-series of Y, there is the 
Schreier-Zassenhaus map between the sets of composition factors of the 
two series. Any property of X-composition-factors (like the X-isomorphy- 
type) that is preserved by the Schreier-Zassenhaus maps is a Schreier- 
Zassenhaus property. 
If D = G x H, by rc6 we mean the epimorphism D + G with kernel H. If 
U < D, we define the codirect span of U as Ucod := ntG U x n,U, and the 
codirect kernel Ucod := U n G x U n H. A subgroup that is its own codirect 
span is called codirect. (Of course, these definitions depend on the direct 
partition.) 
By Sym(n), Alt(n), we denote the summetric and alternating groups. 
We implicitly assume all classes of groups to be non-empty and 
isomorphism-closed classes offinite groups. A Fitting class is a class fl of 
finite groups such that (1) Ng GE 9 implies NE 9, and (2) if G is a 
normal product of groups in 9, then GE 9. If G is a finite group, and 9 
is a Fitting class, G$ is the unique maximal (sub)normal g-subgroup of G, 
the so-called F-Radical of G. For any two Fitting classes F1 and 4, the 
Fitting product F1 .4 := {GE d 1 G/G,, E G,} is again a Fitting class. 
Standard examples of Fitting classes are the classes d (finite groups), Y 
(soluble groups), JV (nilpotent groups), 9 (identity groups), c$,, yn, M, 
(finite, soluble, and nilpotent n-groups for a set of primes rr), L@,(J) (direct 
products of copies of the non-Abelian simple group J). 
A Fitting class is a Fitting formation if it is closed under quotient groups 
and subdirect products. All the standard Fitting classes mentioned above 
are Fitting formations. 
Throughout this article, let 4 s Fl be fixed Fitting classes. 
We let e//4 denote the ordered pair (Fr, 4). For any finite group G, 
the radical section is the section G,,/G,. If X operates on G, for an 
X-composition-factor of G the property that it lies between the two radicals 
is a Schreier-Zassenhaus property. 
We present some well-known non-trivial series of Fitting classes that will 
be relevant below. 
CONSTRUCTIONS 2.3. 1. [9] Let J be a simple group, 5 a Fitting for- 
mation. The class WWR(J, 9, e//4) (“Chief factors F-Central”), defined as 
(GE 8 I H/K J-chief-factor between G,, and G, * Aut,(H/K) E P}, 
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and the class ‘&V&J, 9, p,//4), defined as 
( G E d ) H/K J-chief-factor, K = GS,, H d G, * Aut,(H/K) E 9) 
are Fitting classes. 
2. [4] Let J be a non-Abelian simple group, N a Aut(J). The class 
%9’( J, N, gI /q) (“Chief factors Simple”), defined as 
{GE d 1 H/K J-chief-factor between G,, and GT2 
=z- H/K2 J, and Aut,(H/K) 6 N}, 
and the class %5f&,(J, N, FI J4), defined as 
{G E d I H/Kp-chief-factor, K = G,, , H < G, 
* HfK E J, and Aut,( H/K) < N} 
are Fitting classes. 
3. [2,8] Let p be a prime number, U< GF(p)*. The class 
99( p, U, FI /55$) (“Determinant Product”), defined as 
{G E d ) X chief series through G*, and GF1, g E G 
=E- ZZ(det( g on H/K) 1 H/K J-chief-factor between G,, and G,} E U} 
is a Fitting class. 
Construction 2.3.3 is a special case of a Fitting class construction defined 
in terms of so-called Fitting pairs. We state the portion we need of the 
theory developed in [2,13,5]: 
DEFINITION 2.4. Let %! be a Fitting class. A %-Fitting-pair (d, A) con- 
sists of a possibly infinite group A and a family (d, E Hom(G, A) 1 GE @) 
such that for each normal embedding v: N + GE 5 the assertion 
dN = do 0 v holds. 
Without loss of generality, A can be assumed to be Abelian. With the 
notation of this definition, one has 
THEOREM 2.5. Let (d, A) be a %-Fitting-pair. Zf S d A, the class 
d-‘S := (Ge42]ddcG<S) 
is a Fitting class. 
The class d-‘1, is known as the kernel of (d, A). 
Fitting sets are “Fitting classes within a given group.” We extend the 
definition from [l] to arbitrary groups: 
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DEFINITION 2.6. Let G be an arbitrary group. A Fitting set of G is a set 
F of finite subgroups of G that is closed under taking normal subgroups, 
finite normal products, and conjugates in G. 
If F is a Fitting set of G, and U is a finite subgroup of G, the F-Radical 
UF of U is the unique maximal normal F-subgroup of U. 
For any group, there are two well-known “trivial” types of Fitting sets: 
DEFINITION 2.7. Let G be an arbitrary group. 
1. If 9 is a Fitting class, then the trace of 9 is the Fitting set 
tro(9) := {U<GI UE~}. 
2. If N is normal in G, then sN denotes the Fitting set of all finite 
subgroups of N. 
If U is a finite subgroup of G, Fitset, is the Fitting set of G 
generated by U. 
3. OUTER FITTING PAIRS 
DEFINITION 3.1. Let % be a Fitting class. An outer %-Fitting-pair (d, A) 
consists of a possibly infinite group A and a family (dG E Hom(G, A) 1 
GE %!) such that for each normal embedding v: N,+ GE % there is an 
tl E Inn(A) such that c( 0 d, = dG 0 v. 
Obviously, (d, A) is an ordinary Fitting pair if A is Abelian, and any 
ordinary Fitting pair is an outer Fitting pair. 
THEOREM I. Let (d, A) be an outer +2’-Fitting-pair. Zf F is a Fitting set of 
A, the class 
d-‘F := {GEt21dGGE F} 
is a Fitting class. 
Proof: Let 9 := d-‘F. If N I! GE 9, then d,N is conjugate in A to 
d, N SI d,G E F, thus NE 9. If, on the other hand, G = N, Nz with Ni -a G 
and N,EB (i=l,2), then d,G=(d,N,)(d,N,), dGNisdcG, and each 
d, Ni is conjugate in A to d,, Ni E F, hence GE 9. 
DEFINITION 3.2. For an outer F-Fitting-pair (d, A) and a homo- 
morphism cp : A + B, we define the induced outer g-Fitting pair (cp 0 d, B) 
by (cpod)G:=tpodG. If N 1 A, we write (d mod N, A/N) for the outer 
Fitting pair induced by the natural empimorphism A -+ A/N. 
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It is obvious that this actually defines outer Fitting pairs. 
DEFINITION 3.3. Two outer %-Fitting pairs (d,, d,) and (d,, A,) are 
equivalent if there is an isomorphism i : A, + A, such that for each GE % 
there is an ~1~ E Inn(A,) with dZG = 01~ 0 r OdlG. 
Clearly, any two equivalent outer Fitting pairs produce the same Fitting 
classes. 
4. CHIEF FACTOR PRODUCT PAIRS 
We now construct the central example of an outer Fitting pair. 
DEFINITION 4.1. Let J be a simple group. D, is the restricted directed 
product of countably infinitely many copies of J. A, is the group of 
automorphisms of D, that have finite support. For any GE&, and any 
chief series %’ through G,, and G,, D,(Z, 9,/4) is the direct product of 
all J-chief-factors from 2 between GS, and GF2, taken in the order of 
occurrence in Z. We consider this group a subgroup of D, consisting of 
the first direct components of D,. G operates on every such D,(S, Pi/5z), 
and by identic continuation also on D, whence a homomorphism 
dJdzcs *‘[SF2 : G + A, is defined. 
THEOREM II. For any finite group G, fix a chief series %o going through 
G,, and G,. If we let dJdF'lF2 be d 2%~. 9’jF2, then the pair (d J*F'/F2, A,) is 
an outer d-Fitting pair. 
Proof: We suppress the references to J and to the radical section @r/4 
wherever appropriate, thus writing A for A,, d, for dJds1/9, etc. 
(a) Let X be any finite group, and let Y be a finite X-group. Let 2, and 
x2 be two X-composition-series of Y going through both the FI- and the 
F2-radical of Y. For i := 1, 2, let Di be the direct product of the J-factors of 
L=,IK%p Di < D as above, and di: X -+ A defined by the obvious operation of 
X on D. Then d, = u 0 d2 for an c1 E Inn(A): 
By the Jordan-Holder Theorem, there is a X-isomorphism cp: D2 --) D,. 
Let $i be the embedding Di+ D for i= 1,2. Now we define a := JI1 0 
cp o +;’ which is in A by identic extension, and let tl the inner 
automorphism be defined by a. 
(b) Let X, Y, SI, D,, d, be as in (a). Let D2, d, be formedfrom x1 like 
D1, but with one factor omitted. If this factor was X-central, then d2 = a 0 d, 
for an a E Inn(A): 
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Dz and the complement of the X-central factor in D, are X-isomorphic 
by a permutation of direct components in D. Let a be the inner 
automorphism of A defined by this permutation. 
(c) Let Z be a normal subgroup of X that acts on Y as in (a). Let S$ be 
as in (a), but now let X2 be a Z-composition-series of Y that is a refinement 
of &, Define d, as usual by the operation of Z on the J-Factors of S2 in the 
radical section of Y. Then d, = LX 0d, 1 z for an c1 E Inn(A): 
Every X-factor of & is a direct product of irreducible Z-groups. 
Therefore, we have a monomorphism ~1: D, + D1 such that d,(z) = d,(z) 0 p 
for all z E Z. Let a be the identic extension of ,U to D and define o! as usual. 
(d) Let v: G, + G,E& be an isomorphism. Let %I be a chief series of G, 
through the two radicals. The chief series X2 := vg goes through the two 
radicals of G2, and dxz 0 v = a 0 d*l for an a E Inn(A): 
(Notice that one cannot expect a to be the identity, as the choices 
leading to the d, are dependent on the group G rather than just its 
isomorphy type.) There is an isomorphism cp: D(q) + D(A$) such that 
qodc, =doz. Obtain a as in (a). 
Now let G E 8, and let v: N -+ G be a normal embedding. Let M = vN. G 
is an M-group. Let X, be a M-composition series of G that refines SC. We 
define d,: M+ A as the operation of M on the direct product of the 
J-factors of $ between the two radicals of G. By (c), there is an 
a1 E Inn(A) such that 
Let d2 : M + A be the operation of M on the direct product of the J-factors 
of 8 between MGF, and G,,. The factors thus omitted are certainly 
M-central, hence by (c), 
with a2 E Inn(A). 
The section MGF,/GF, is M-isomorphic to the radical section of 44, thus 
we have a,EInn(A) with 
Let d,: M + A be defined via the chief series VS&. By (a), we have 
a4 E Inn(A), 
d,=a,od,. 
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Finally, by (d), 
with a5 E Inn(A). 
If we now let 
a := a;‘a~‘a;‘a~‘a,, 
we have a 0 d, = dG 0 v as we wanted to prove. 
The construction is dependent on the inherent choices only within 
equivalence of outer Fitting pairs. 
DEFINITION 4.2. Let J be a simple group, and let F be a Fitting set of 
A,. We define 
(“Chief factor Product”). If 9 is a Fitting class, we write VB(J, 9, e/4) 
for %?9(J, trA,(9), 4/4), and if N is normal in A,, we write 
VB(J, N, %, /4) for wC!?( J, sN, %1 /%*). 
Now we are able to get the greater part of 2.3 back: 
PROPOSITION 4.3. Let J be a simple group. 
1. If JZ Zp for a prime p, then A, is the group L, of all regular linear 
transformations of the countable-dimensional vector space VP over GF(p) 
that have finite support. All non-trivial normal subgroups of L, contain the 
special linear group L6, which has index p - 1 in L,,. 
2. If J is non-Abelian, then A, is the natural wreath product WJ := 
Aut(J) \ S, S the group of all permutations of the natural numbers that have 
finite support. The non-trivial normal subgroups of W, are the groups above 
W;, the base group Diag,, for any N 9 Aut(J) the group N* (of which 
Diag, is a special case), and finally the normal subgroups of W, that are 
subdirect in the groups N*. 
3. If % is a Fitting formation, 
W&(J, 9, %l/%z) = @Y(J, %, %1/%z); 
4. if J is non-Abelian, N SI Aut( J), 
WsY(J, N, %,I%*) = $W(J, N*, %,I%*); 
5. if p is a prime number, U < GF( p)*, 
.CW(p, U, %1 f%z) = U.P(Z,, U mod Lb, %I/%z). 
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Proof All of this is obvious. 
If in 4.3.3 an arbitrary Fitting class 9 is used instead of a Fitting 
formation, then the left hand side of the equation is generally not a Fitting 
class, as opposed to the right hand side. Hence we have a proper 
generalization of the @%‘-classes. 
If J is not Abelian, among the subgroups containing W; the group 
K, := Diag, S’ is of interest. The Fitting class V??(J, K,, 9,//4) can be 
described as the class of all finite groups that induce an even permutation 
on the set of the elementary components of the J-chief-factors between G,, 
and G, of an arbitrary chief series going through these two radicals. It is 
the kernel of the (ordinary) Fitting pair (dA91’fi mod K,, W,/K,) that is 
equivalent to a Fitting pair defined by the Signum of the permutation 
representation just mentioned (Similar Fitting classes are investigated in 
lI3, 191). 
Before we look for non-trivial Fitting sets in A,, we discuss the “socle” 
versions of 2.3. 
5. THE HEAD SECTION 
PROPOSITION 5.1. Let G be a finite group. 
1. Let T/U be a non-Abelian composition factor of G. Then there is a 
uniquely defined minimal subnormal supplement to U in T, the body of T/U. 
2. Let H/K be a non-Abelian chief factor of G. The bodies of the 
elementary components of H/K are conjugate in G, hence we can define the 
body type of H/K as the isomorphism type of these bodies. 
3. Both the body of a composition factor and the body type of a non- 
Abelian chief factor are Schreier-Zassenhaus properties. 
Proof 1. Let B a minimal subnormal supplement of U in T. If C is 
another minimal subnormal supplement of U in T, then by 2.1 and 2.2, we 
have C < B. 
2. The composition factors of H/K are direct factors of H/K that are 
conjugate under G; hence their bodies must be conjugate, too. 
3. Let %i and H1 be two composition series of G. Let T,/U, be a factor 
of z with body Bi (i= 1,2) such that one is the Schreier-Zassenhaus 
image of the other. Then (T, n T2) U, = T, > B, whence B, < T2 by 2.2. 
Now T, n U2 G U,, thus B, 4 Ua. Hence B, is a subnormal supplement of 
Uz in Tz, and by 2.1 and 51.1 it must be equal to B,. The assertion about 
chief factors is certainly true because the Schreier-Zassenhaus map of chief 
series is respected by the Schreier-Zassenhaus map of composition series 
refining the chief series in question. 
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DEFINITION 5.2. Let S be a perfect single-headed group with head J. 
For any GE d and any chief series X through G9, and GLPI, let 
Bs(X, 9i/pz) be the direct product of the chief factors from X that lie 
between the two radicals and have body type S in the factor group G/G,. 
Define then the homomorphism b~*~9~l*: G --f A, like the dJd*,Yll** 
from 4.1. 
PROPOSITION 5.3. The pair (b s,FlIF2, A,) defined in obvious analogy to 
Theorem II is an outer Fitting pair. 
Proof Just proceed as in the proof of Theorem II, taking S-factors 
instead of J-factors. Proposition 51.3 assures that this works. 
DEFINITION 5.4. Let S be a perfect single-headed group. For any finite 
group G, let L be the product of all subnormal subgroups isomorphic to S, 
and M the product of the maximal normal subgroups of the subnormal 
subgroups isomorphic to S. The factor group L/M is called the S-head- 
section of G. 
PROPOSITION 5.5. Let S be a perfect single-headed group. For any finite 
group G, the S-head-section of G,,/G,, is G-isomorphic to the groups 
B,(Z’, FItl/&) defined in 5.2. 
Proof Let J be the head of S. Let the groups L and M be such that 
L/M is the S-head-section of G,,/G,. L/M is generated by subnormal 
subgroups isomorphic to J, and therefore in k&,(J). If N/M is a minimal 
subnormal subgroup of L/M, then it must have a body isomorphic to S by 
2.2. As L/M is the direct product of its minimal subnormal subgroups, the 
same assertion holds for any composition factor of L/M, and thus every 
chief factor of G between L and M has body type S. The definition of S 
assures that no composition factor of G above L or below M has body 
isomorphic to S, and therefore for a chief series of G that goes through the 
two radicals and through L and M, the proposition holds for this, and by 
the Jordan-Holder Theorem finally for any chief series of G through the 
two radicals. 
THEOREM III. Let S be a perfect single-headed group with head J. For 
any jkite group G, fix an embedding of the head-section of GT,/GF2 as the 
first components of D,. G operates on D, via this embedding, and therefore 
we have a homomorphism b~F~192’z: G + A,. The pair (bs,F~Is2, A,) thus 
defined is an outer b-Fitting pair. It is equivalent to the outer Fitting pair 
(b s*9~l~~, A,) defined in 5.3. 
Proof This is an immediate consequence of 5.5. 
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DEFINITION 5.6. We define the Fitting classes XY(S, F, 9,//4) := 
(hs*91/92)-1 F, XP’(S, %, % /%*), XY(S, N, %, /4) in the same manner as 
the g%-classes in 4.2. 
PROPOSITION 5.7. Let J be a non-Abelian simple group. 
1. If 9 is a Fitting formation, 
W&, (J, 9, 9j /Fz) = Z’Y( J, 9, 4 14). 
2. Zf N is a normal subgroup of Aut(J), 
%9&,,(J, N, ~,/~~)=~Y’(J, N*, 4/4). 
Proof: Again, this is obvious. 
Actually, these classes also occur as special cases of the classes V% (just 
replace %* by 4 n %, .9,,(J)), but the head-section pairs lead to more 
Fitting classes than obtainable this way, e.g., the class X’Y(SL(2, 5), 
Aut(Alt(S))*, 8/Y) = {GE d I all chief-factors of body-type SL(2, 5) are 
simple}. 
On the other hand, the classes ~~.sO,(Z,,, %, %I/%z) cannot be 
reconstructed using the outer Fitting pairs described here. Therefore, we 
state 
OPEN PROBLEM 1. Find a generalization of the head-section or body-type 
pairs that works for abelian chief-factors. 
6. FITTING SETS IN THE DIAGONAL GROUPS 
Let G be a finite and H an arbitrary group. Let W be a (restricted) 
transitive wreath product G 2 H. We identify G with the first component of 
the base group G* of W. Let F be a Fitting set of G. 
DEFINITION 6.1. A Fitting set F” of W is a direct expansion of F, if 
1. F# consists of subgroups of G*, 
2. FsF#, 
3. F=n,F*. 
DEFINITION 6.2. We define the following three sets of finite subgroups 
of w: 
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F*:={T,x . ..xT.xlxlx . ..)n~~.T~~F(i:=l,...,n)}, 
F+ := { U6 TE F* 1 U subdirect in T}, 
F- := { Uda TE F* 1 Usubdirect in T}. 
PROPOSITION 6.3. The sets F+ and F- are Fitting sets of W. Zf F# is a 
Fitting set of W contained in G *, then F” is a direct expansion of F if and 
only$F-cF#cF+. 
Proof If Sda UEF+, 
Fad E F*, 
then x,,Saan,,U~F (i:=1,2 ,... ), thus 
and because S is subdirect in Scod, we have SE F +. If 
U= N, V N, with Nip F+ (i := 1, 2, . ..). then similarly U is subdirect in 
Ucod~ F*, hence UE F+. Thus F+ is a Fitting set. 
If Sad UE F-, then Sdcl Ucod, thus S ga Scod and finally SE F-. 
Observe the fact that 
F- = (f&F+ )H%ffHcod}, 
where HM denotes the smallest normal subgroup of H with nilpotent factor 
group. If u= N, v iv2 with fVi E F-, then U” = NfNf < (N,),,,(N,),,, < 
U cod * We conclude that F- is a Fitting set. 
If F# is a direct expansion of F, it follows from 6.1.2 that F- E F#. By 
6.13 and the transitivity of the wreath product, Fx G F +. 
IfontheotherhandF-sF#GF+, the first inclusion gives F E F #, and 
the second one implies F = n, F # . 
F’ is the obvious generalization of the Fitting set sN* of 4.3.4; F- is the 
Fitting set of W generated by F. 
7. FITTING SETS IN THE SYMMETRIC AND LINEAR GROUPS 
It is a well-known fact, that any Fitting class that contains a non-trivial 
p-group contains every p-group; the following theorem establishes this fact 
for Fitting sets in S’ and Lb with p #q. (The case p = q is irrelevant in our 
context.) 
THEOREM IV. 1. Let F be a Fitting set of S’, and let p be a prime number 
such that F contains a non-trivial p-subgroup of S’. Then F contains every 
p-subgroup of S’. 
2. Let p and q be different prime numbers, and let F be a Fitting set 
of Lb that contains a non-trivial p-subgroup of Lb. Then F contains every 
p-subgroup of Lb. 
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Proof: 1. Clearly, F contains a subgroup ( g ) of order p. Let 
g=z, “‘Z,, zi disjunct cycles of length p. 
If p is odd, let h :=ziz;l . ..z.- ‘. h is conjugate to g, thus (h) E F. We 
have (zi) = (z:) = (gh) g (g)(h)E F, which implies (z,) E F; hence 
every subgroup of S’ that is generated by a cycle of length p is in F. If 
n E N, P a Sylow p-subgroup of Alt(n), then P is generated by cycles of 
length p, whence P, and finally every p-subgroup of S’, belongs to F. 
If p=2, let h:=zZzj..~znzn+, a transposition disjoint from zi, 
i= 1, . . . . n. We conclude as above: (z, z,+ i ) = ( g/z) E F. Hence every sub- 
group of S’ generated by the product of two disjoint transpositions is in F. 
A Sylow 2-subgroup of Alt(n) is generated by such cycle pairs, and again 
we can conclude that every p-subgroup of S’ belongs to F. 
2. We consider L, as the group of all matrices of the form (8 n) over 
GF(‘(g), where g is a square matrix of finite degree, E is an infinite unity 
matrix, and everything else is zero. We omit the unity part and just write g. 
Let L be the splitting field of xp - 1 over K := GF(q), e the degree of L 
over K. We have a group ( g ) E F such that g has order p. The minimal 
polynomial of g divides xp - 1, whence g is diagonalizable over K, and its 
eigenvalues are pth roots of unity. We define the matrix 
g h= 
i I 
g2 . . . 
gp 
The eigenvalues of h are the pth roots of unity with constant multiplicity 
(we may ignore the trivial roots of unity here); therefore, h is conjugate 
over L (and thus also over K) to a permutation matrix x of order p. As 
(h) E F, so is (n), and by the first part of this theorem, F contains all 
groups of alternating permutation matrices. 
Hence there remains to show: 
(a) For any sufficiently large natural number n the Sylow p-subgroups of 
SL(n, q) are generated by matrices that are conjugate (in GL(n, q)) to alter- 
nating permutation matrices. 
(Conjugacy in the general linear group is sullicient because wa always 
can adjust the determinant of the conjugating element by adding diagonal 
elements at places greater than n). 
Let pr be the exact power of p dividing q’ - 1, and let n 3 ep’. 
Assume first that e > 1. In this case the Sylow p-subgroups in the general 
and special linear groups coincide, and p is odd. By [16], there is a Sylow 
p-subgroup P of GL(n, q) that is generated by permutations and another 
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matrix 1 that represents the multiplication with a primitive p’th root of 
unity in L. q is in GL(ep’, q) whence we can assume that n = ep’. P consists 
of monomial matrices over L; from the wreath product structure of P we 
conclude that the subgroup H generated by the conjugates of permutations 
in P (i.e., the normal closure of the wreath product complement) is the 
kernel of the determinant over L, thus 1 P: H( = pr. Now, P contains some 
conjugate z to a cyclic permutation matrix of length pr in GL(n, q). As the 
eigenvalues of z over K are all p’th roots of unity, the non-trivial ones with 
multiplicity 1, the determinant of z over L must be a primitive p’th root of 
unity. Hence P = (z, H). 
If e = 1 and p is odd, we proceed just like above, getting a monomial 
Sylow p-subgroup P of GL(ep’, q), and a Sylow p-subgroup H of 
SL(ep’, q) whence we are ready as the permutation matrices have deter- 
minant 1. 
Let P be a Sylow 2-subgroup of GL(n, q), n the subgroup of P generated 
by conjugates of permutation matrices. From the wreath product structure 
of P (cf. [7]) we have P’ < Z7, and if Q is another Sylow 2-subgroup, 
certainly Q’ n P d l7. We know from [7] that P’ is the commutator group 
of the normalizer of P, and by Grim’s first theorem, P n SL(n, q) < 17. Thus 
if g E P n SL(n, q), we have g = n, . . . 7rk where the rti are conjugate the 
permutation matrices. Let z be the permutation matrix representing the 
transposition (n + 1, n + 2). If rc, is conjugate to an odd permutation, 
replace it by nir. As g has determinant 1, the number of such odd xi is 
even, and the resulting product of conjugates to even permutations is 
again g. This concludes our proof. 
From this follows easily 
COROLLARY 7.1. Let G be one of the groups S and L,. Let N be a 
nilpotent subgroup of G. The Fitting set generated by N is the set 
trNG~(4~N~). 
It is a well-known fact that any Fitting class that contains a group with a 
composition factor 2, contains all p-groups. We show that the situation is 
totally different for Fitting sets in S and L,. This can be exploited to get 
new (soluble and insoluble) Fitting classes. 
DEFINITION 7.2. Let n E N. A full subgroup of degree n of S is the group 
of all permutations of an n-element-subset of fV; a full subgroup of degree n 
of L, is the full linear group of an n-dimensional subspace of I’,. If G is 
one of the groups S and L,, Full(n, G) is defined as the Fitting set of G 
generated by a full subgroup of degree n. (Obviously this is independent of 
the choice of the particular full subgroup.) 
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THEOREM V. Let G be one of the groups S and L,, n E N. Let U be a full 
subgroup of G with degree n. For any subgroup V of G the following two 
assertions are equivalent: 
1. VE Full(n, G) 
2. V7a(U,x ... x U,,,) Q N where NE Fitset c( U,), and the Ui are 
full of degree n. (Notice that the direct products are such of permutation/ 
linear groups, respectively, not of abstract groups.) 
Proof: We only have to show that the set of subgroups V described by 
(2) is closed under taking normal products. We first need a lemma: 
(a) Let Wt= Tj, x ... x Ti,,,, (i := 1,2) be mutually normalizing subgroups 
of G where every T0 is a non-central normal subgroup of a full subgroup U, 
of degree n. Then, for a suitable k E N, WI V W, = T, x . ‘. x Tk 9 
u1 x . . . x U, with TjdiJj (j:=l,..., k), and (U, ,..., Uk}= {UI1 ,..., U,,,,,, 
uz,, . ..> KmJ: 
Let first G = S. Each Til has a single non-trivial orbit, which has length n. 
If g E S normalizes W,, then g permutes the non-tivial orbits of W, . If this 
permutation is non-trivial, g non-trivially moves at least 2n digits, whence 
g C$ T,,. for any j. Thus W, fixes the non-trivial orbits of W, , and, of course, 
vice versa. The assertion follows. 
If G = L,, note that for i := 1, 2, there is a unique decomposition of the 
vector space V, into the fixed point space of Wi and the non-fixed minimal 
W,-invariant subspaces, which are just the unique minimal non-fixed T,.- 
invariant subspaces and have dimension n. Hence, any ge L, that 
normalizes W, must permute these non-fixed subspaces, and hence 
non-trivially affect at least 2n linearly independent vectors. We conclude as 
in the symmetric case. 
Let V be as in (2), and let V”/ be the nilpotent residual of V, i.e., the 
smallest normal subgroup of V with nilpotent factor group. We have VM = 
T,x . . . x T, for some r E N, where the Ti are non-central normal sub- 
groups of some of the Uj of 2. Actually, we can without loss of generality 
assume m = r, Tj I! Uj (j := 1, . . . . n). 
Let Vi91! (UiI x . . . x U,,) GT Ni (i := 1, 2) be mutually normalizing 
subgroups as in 2. Then by applying (a) to V;“, we get 
V,oV,~s!(U,,x...xU,,,)O(N,,N,)=(U,x...xU,)VN with 
N= (N,, N,), Uj as in (a). 
DEFINITION 7.3. We deline the Fitting class of Full Operation 
9Go(J, n, e/9*) :=VY(J, Full(n, A,), &/4). 
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(Actually, this is not defined if J is non-Abelian; in that case we work 
modulo Diag,.) 
8. CONCLUDING REMARKS 
1. One might expect that there every ordinary Fitting pair can non- 
trivially be extended to an outer Fitting pair. If one tries to extend the 
Signum pairs of [2,6], one will find that the permutations in question are 
not natural with respect to normal embeddings; this non-naturality of the 
permutations also prevents the Laue-Lausch-Pain Fitting pairs [ 111 
defined by transfer maps from being extended in an obvious way. 
2. For any Fitting class 9, there is a universal Fitting pair (d, A), 
namely the co-limes over 9 with the normal embeddings (A the Lausch 
group of 9) [ 13, 51. There is little hope of finding non-trivial examples of 
universal outer Fitting pairs, as the category of outer groups (which is 
formed from the category of groups by identifying arrows G + A that only 
differ by an inner automorphism of A) is far from being co-complete. 
3. If (d, A) is an outer F-Fitting pair, and F is a Fitting set of A, the 
map that assigns to every Fitting set M below F the Fitting class d-‘M is 
not onto the set of all Fitting classes between 9 and d-‘(l}. Choose 
(d z3,s3’I, L,); let F be the set of the 2-subgroups of L;. Then by 
Theorem IV, there is no Fitting set properly between F and the identity set, 
and the dihedral group of order 18 is in d-‘F. But, if X denotes the Fitting 
class generated by Sym(3), d-‘{l}cXcd-‘F by [6], O18$X. 
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